We consider two families of extensions of the oscillator in a d-dimensional constantcurvature space and analyze them in a deformed supersymmetric framework, wherein the starting oscillator is known to exhibit a deformed shape invariance property. We show that the first two members of each extension family are also endowed with such a property provided some constraint conditions relating the potential parameters are satisfied, in other words they are conditionally deformed shape invariant. Since, in the second step of the construction of a partner potential hierarchy, the constraint conditions change, we impose compatibility conditions between the two sets to build potentials with known ground and first excited states. To extend such results to any members of the two families, we devise a general method wherein the first two superpotentials, the first two partner potentials, and the first two eigenstates of the starting potential are built from some generating function W + (r) (and its accompanying function W − (r)).
I INTRODUCTION
Since its introduction by Mathews and Lakshmanan [1] , a classical nonlinear oscillator with a position-dependent mass and periodic solutions with an amplitude-dependent frequency has arisen a continuing interest and given rise to a lot of works concerned with its quantization, generalization to d dimensions or extensions of various types.
Its two-dimensional (and more generally d-dimensional) generalization is known to describe a harmonic oscillator in a space of constant curvature κ = −λ, where λ is the nonlinearity parameter entering the definitions of the potential and of the position-dependent mass [2] . Hence an oscillator on the sphere or in a hyperbolic space is obtained for κ = −λ > 0 or κ = −λ < 0, respectively.
The quantum version of this model has been studied and exactly solved in one [3, 4, 5] , two [6, 7, 8] , three [9] , and d [10] dimensions.
Recently, some rational extensions of the quantum oscillator in a d-dimensional space of constant curvature were construted [10] . They were shown to be exactly solvable (ES) too, with bound-state solutions written in terms of exceptional orthogonal polynomials (see, e.g., Ref. [11] and references quoted therein), instead of classical orthogonal polynomials for the oscillator alone. In the course of the derivation, the known equivalence of problems in curved space or with a position-dependent mass to those arising from a deformation of the canonical commutation relations [12] was used, allowing the possibility of discussing the extended potentials in a deformed supersymmetric (DSUSY) framework [13] and of exploiting the deformed shape invariance (DSI) of the oscillator in curved space.
More recently, other types of extensions of the quantum oscillator in a constantcurvature space were considered [14] and shown to lead to quasi-exactly solvable (QES) Schrödinger equations. The latter occupy an intermediate place between ES and nonsolvable ones in the sense that for some ad hoc couplings a finite number of eigenstates can be found explicitly by algebraic means, while the remaining ones remain unknown.
The simplest QES problems are characterized by a hidden sl(2, R) algebraic structure [15, 16, 17, 18, 19] and are connected with polynomial solutions of the Heun equation [20] .
Generalizations of this equation are related through their polynomial solutions to more complicated QES problems. In such cases, the functional Bethe ansatz method [21, 22, 23] is very effective for deriving solutions. It is this method that was used in Ref. [14] , because only the simplest extensions considered there were amenable to an sl(2, R) approach.
Apart from the sl(2, R) description and the functional Bethe ansatz method, other approaches are available for constructing QES potentials. Although SUSY quantum mechanics, together with the shape invariance (SI) concept [24] , has been mostly used to construct ES potentials [25] , its usefulness in the field of QES potentials has also been pointed out. The simplest approach consists in starting from a given QES potential with n + 1 known eigenstates and generating a new QES one with n known eigenstates by means of unbroken SUSY [26, 27, 28] . Two more ambitious methods aim at constructing a QES potential without the previous knowledge of another one.
The first one is the conditional shape invariance (CSI) symmetry method (see [29] and references quoted therein), wherein for a given potential form depending on some parameters, a superpotential ansatz is proposed. The parameters of the latter and the ground state energy are determined in terms of the potential parameters through the SUSY Riccati equation. The number of superpotential parameters being less than that of potential ones, there appear some constraints relating both sets. If the constructed potential is translationally SI, its partner may serve as a starting potential in a second step, but the constraints turn out to be different from the first ones. In this way, a hierarchy of partner potentials can be constructed. Each step has a different set of constraint conditions and energies of at most a few levels can be obtained algebraically depending on the possibility of simultaneously satisfying such sets of constraint conditions. In practice, this can be done exactly for the first two steps, thereby generating QES potentials with known ground and first excited states. It has been recently shown, however, that this method provides a very accurate way of approximating the other unknown eigenstates [30] .
The second method [31] is still more ambitious because it is not restricted to SI potentials, but is based on the general form of the first two superpotentials of a hierarchy in terms of two functions. On starting from some assumption for the latter, it is possible to construct QES potentials with two known eigenstates (the ground and first excited states again). This method has also been generalized for generating QES potentials with arbitrary two known eigenstates [32] , as well as QES potentials with three known eigenstates [33] .
The aim of the present paper is to construct QES extended oscillators in a constantcurvature space with two known eigenstates. For such a purpose, we plan to start from general potentials of the kind considered in either family of extended potentials introduced in Ref. [14] and to adapt the methods of Refs. [29] and [31] to a DSUSY context.
In Section II, the DSUSY description of the oscillator in a constant-curvature space and its DSI property are reviewed. In Section III, the two previously introduced families of extensions of such an oscillator are considered and it is shown that the first two potentials of each of them satisfy the DSI property with constraints. In Section IV, a general method is devised in order to build QES potentials in curved space with known ground and first excited states and it is then applied to all the potentials of the two families. Finally, Section V contains the conclusion.
II THE
OSCILLATOR IN A CONSTANT-CURVATURE SPACE AND DEFORMED SU-PERSYMMETRY As previously shown [10] , the Schrödinger equation for the d-dimensional oscillator in a space of constant curvature κ = −λ is separable in hyperspherical coordinates and leads to the radial equation
where l = 0, 1, 2, . . . , and
Here, the variable r runs over (0, +∞) or (0, 1/ |λ|) according to whether λ > 0 or λ < 0. The differential operator in (2.1) is formally self-adjoint with respect to the measure
Equation (2.1) can be rewritten as a deformed Schrödinger equation
with a deformed radial momentumπ r = f (r)(−id/dr) f (r) and
as well as
Equation (2.3) may also be considered as a position-dependent mass Schrödinger equation, the ordering of the mass m(r) = 1/f 2 (r) and the differential operator d/dr being that of Mustafa and Mazharimousavi [34] . Bound-state wavefunctions correspond to functions ψ(r) normalizable with respect to the measure dr, the interval of integration being (0, +∞) for λ > 0 or (0, 1/ |λ|) for λ < 0.
Deformed Schrödinger equations of type (2.3) can be discussed in terms of DSUSY [13] .
In the simplest case of unbroken DSUSY, one introduces a rescaled potential 6) where E 0 is the ground state energy of (2.3), and one considers a pair of partner Hamilto-
defined on the same interval (0, r max ). Here, the superpotential W (r) is related to the ground state wavefunction ψ 0 (r) ofĤ 1 through
or, conversely,
The two partner Hamiltonians can be written aŝ
in terms of a pair of first-order differential operatorŝ 11) and they intertwine withÂ
The operatorÂ − annihilates the ground state wavefunction ψ 0 (r) ofĤ 1 , whereasÂ + transforms the ground state wavefunction ψ ′ 0 (r) ofĤ 2 into the first excited state one ψ 1 (r) of
On iterating the procedure by consideringĤ 2 as the new starting Hamiltonian, one may in principle obtain another DSUSY pair of partner Hamiltonianŝ
where
From the ground state wavefunction ofĤ 15) and corresponding to energy E ′ 0 , the first excited state wavefunction ofĤ 1 with energy E 1 = E ′ 0 is then obtained through the equation
In the case of the oscillator potential in curved space (2.5), the construction that we have just reviewed is easy to carry out because, as shown in [10] , to
with W (r) given by
This means that, up to the additive constant 2β, the partner in DSUSY is similar in shape and its parameters are obtained by translation, i.e., L → L + 1 and β → β − λ. In other words, the oscillator in curved space is DSI, so that a whole hierarchy of Hamiltonians can be straightforwardly constructed and the starting Schrödinger equation is ES.
For the extensions of the oscillator potential (2.5) that we are going to consider here and which are only QES, the situation is more complicated as we will proceed to show in Section III.
III CONDITIONAL DEFORMED SHAPE INVARI-ANCE SYMMETRY APPLIED TO EXTEN-SIONS OF THE OSCILLATOR IN CURVED SPACE
In the present Section, we plan to consider Eqs. (2.3) and (2.4) with a potential V (r) of the form
where A, B 1 , B 2 , . . . , B 2m are 2m + 1 parameters and the range of r is the same as in Section II.
A First family of extended potentials
Let us start with potentials (3.1) belonging to the first family. In the present subsection, we plan to consider more specifically the cases where λ > 0, m = 1 or m = 2, and B 2m > 0.
First potential of the first family
For m = 1, the potential V (r) of Eq. (3.1) depends on L, A, B 1 , and B 2 (with the restriction B 2 > 0). Let us introduce a superpotential of the form
depending on three parameters ξ, η, ζ. In DSUSY, the rescaled potential (2.6) is represented
. From this Riccati equation, it follows that the three unknowns ξ, η, and ζ satisfy the system of equations
The last three equations lead to the values of the unknowns
A combination of the first two equations yields the ground state energy
while the first equation provides a constraint
connecting the potential parameters. To E 0 corresponds the ground state wavefunction (2.9), which can be rewritten as
where ξ, ζ, and η/λ are given in Eq. (3.5).
The partner V 2 (r) = W 2 + f dW/dr of V 1 (r) in DSUSY (see Eq. (2.7)) can be written as
, and of a constant R, such that
(3.10)
On using some previous results, we get
Hence, the starting potential V 1 (r) is DSI, but this deformed shape invariance is not unconditionally valid since constraint (3.7) must be satisfied. We may therefore say that the potential is conditionally deformed shape invariant (CDSI).
Let us now try to repeat the procedure and take the partner V 2 (r) as a starting potential
(2.14)) as in (2.13) with
where ξ ′ , η ′ , and ζ ′ are some new parameters. By proceeding as in the first step, we obtain for the latter 14) and for the new ground state energy
There also occurs a new constraint coming from the relation
Eqs. (3.11) and (3.14) into account, it can be written as
The ground state wavefunction ψ ′ 0 (r) of the partner is given by an equation similar to (3.8) with ξ, η, ζ replaced by ξ ′ , η ′ , ζ ′ , respectively.
The two constraints (3.7) and (3.16) are compatible provided 18) and the potential 19) with corresponding superpotentials
has a ground state and a first excited state whose energies are given by
respectively.
The ground state wavefunction of potential (3.19) is given by 
by acting with the first-order differential operatorÂ + , defined in (2.11), which can be rewritten asÂ
The result reads 
From the Riccati equation satisfied by the rescaled potential (2.6), we obtain the system of equations
The last four equations determine the values of the four unknowns, 28) and a combination of the first and third relations leads to the ground state energy
There are now two constraints coming from the first two equations
30)
Furthermore, the ground state wavefunction (2.9) reads 32) where the parameters are given in (3.28).
The partner can be written as
where 34) thus showing that V 1 (r) is CDSI with constraints (3.30) and (3.31).
The superpotential W ′ (r) of Eq. (3.13) is now replaced by
The latter leads to the relations 3.36) and to the two new constraints
37)
The partner wavefunction ψ ′ 0 (r) is similar to (3.32) with all parameters replaced by primed ones.
The two sets of constraints (3.30), (3.31) and (3.37), (3.38) are compatible provided
We then also obtain
Hence, the potential
with corresponding superpotentials
respectively. The corresponding normalizable wavefunctions read
The single zero of ψ 1 (r) on the positive half-line is now at r 0 =
In Fig. 1 , some examples of extended potentials (3.19) and (3.41) are plotted. The corresponding wavefunctions ψ 0 (r) and ψ 1 (r) of the former are displayed in Fig. 2 . Those of the latter have a similar behaviour.
B Second family of extended potentials
Let us now consider potentials (3.2). In the present subsection, we plan to deal more specifically with the cases where λ < 0, m = 1 or m = 2, and B 2m > 0. Since the procedure used is the same as in Section IIIA, we are not going to detail the calculations, but instead state the results.
First potential of the second family
For m = 1, we consider a superpotential of the type and we obtain
with a single constraint
The parameters characterizing the partner are given by
so that V 1 (r) is CDSI again.
The second step corresponds to a superpotential W ′ (r) with parameters
The new ground state energy and the new constraint are and
The constraints (3.47 and (3.51) are compatible provided
thus leading to
We conclude that the potential
has a ground state and a first excited state with respective energies
and wavefunctions
The behaviour of these functions for r → 0 and r → 1/ |λ| shows that they are normalizable on 0, 1/ |λ| with respect to the measure dr. The single zero of ψ 1 (r) in this interval is located at
Second potential of the second family
For m = 2, the superpotential (3.45) is replaced by
and we get 
60)
For the partner, we obtain the parameters
showing that V 1 (r) is CDSI as in the previous cases.
For the superpotential W ′ (r) corresponding to the second step, we get the parameters
(3.63)
We have now a new ground state energy
and a new pair of constraints
65)
The two pairs of constraints turn out to be compatible provided
from which we also obtain
(3.68)
has known first two levels with energies
and normalizable wavefunctions
respectively. The single zero of ψ 1 (r) on (0, 1/ |λ|) is now located at
In Fig. 3 , some examples of extended potentials (3.54) and (3.69) are plotted and the corresponding wavefunctions ψ 0 (r) and ψ 1 (r) of the former are displayed in Fig. 4 . It is obvious that we might continue applying the CDSI method to potentials of the first or second family with m values higher than 2 in order to build potentials with known ground and first excited states. However, since the number of constraints would grow with m, the complexity of the method would increase correspondingly. Finding a general approach to build such potentials in DSUSY is therefore most desirable. This is the purpose of Section IV. 
IV GENERAL APPROACH FOR BUILDING PO-TENTIALS WITH TWO KNOWN EIGEN-STATES IN DSUSY
Let us consider two pairs of DSUSY partner Hamiltonians (Ĥ 1 ,Ĥ 2 ) and (Ĥ ′ 1 ,Ĥ ′ 2 ), defined as in (2.7) and (2.13) in terms of two superpotentials W (r) and W ′ (r), respectively. From Eq. (2.14), it follows that the superpotentials are related by the equation
where we have assumed that E ′ 0 = E 1 . Let us now define the two functions
In terms of them, Eq. (4.1) can be rewritten as
thus showing that W − (r) can be expressed in terms of W + (r) and of the energy difference 5) where, in the last step, definition (4.2) was used. The whole construction is of course valid provided the resulting functions ψ 0 (r) and ψ 1 (r) are normalizable on (0, r max ).
Our aim will now be to build QES potentials of type (3.1) or (3.2) with arbitrary m ∈ N + and two known eigenstates by selecting the starting functions W ± (r) appropriately. For such a purpose, we will be guided by the results obtained in Section III.
A First family of extended potentials
For the first two members of the potential family (3.1) (where λ and B 2m are assumed positive), we obtain from Eqs. (3.20) and (3.42) 6) if m = 1, and
For any m ∈ N + , let us choose the functions
To be acceptable, this choice must be such that Eq. (4.4) is satisfied for some positive
It is straightforward to show that this is indeed so for
This result agrees with those that can be deduced from Eqs. From Eq. (4.8), we obtain for the two superpotentials
After a rather lengthy, but straightforward calculation, Eqs. (2.7) and (4.10) yield
This corresponds to potential V (r) of Eq. (3.1) with 13) and to a ground state energy given by
Inserting (4.15) in (4.9), we get
for the first excited state energy of potential (3.1) with parameters (4.13).
From (4.12), we can also determine the partner V 2 (r) = V 1 (r) + 2f (r)dW/dr of V 1 (r).
The result reads
with
(4.18)
Finally, the first two (normalizable) wavefunctions are given by
and 20) respectively. Observe that ψ 1 (r) has a single zero on (0, ∞) located at r 0 =
Then Eqs. (2.7) and (4.27) yield
The corresponding starting potential is therefore V (r) of Eq. (3.2) with For the partner V 2 (r) = V 1 (r) + 2f (r)dW/dr of V 1 (r), we obtain 
V CONCLUSION
In the present paper, we have reconsidered the two families of extensions of the oscillator in a d-dimensional constant-curvature space that we had recently introduced and for which some bound state solutions had been obtained for some ad hoc values of their parameters by using the functional Bethe ansatz method. Here, we have shown that other approaches based on DSUSY enable us to determine potentials with known ground and first excited eigenstates.
In the first method, we have extended the DSI symmetry, valid for the oscillator alone, by completing it with some constraints relating the potential parameters, thereby getting potentials that are CDSI. Considering the next step in the construction of a partner potential hierarchy, we have determined another set of constraints among the potential parameters. Solving the compatibility conditions between the two sets of constraints has made it possible to algebraically generate QES extensions of the oscillator with two known eigenstates (the ground and first excited ones). Explicit calculations have been carried out for the first two members of the two extension families.
In order to get explicit outcomes valid for arbitrary members of the two families, we have then devised a general method, wherein the first two DSUSY superpotentials (and hence the potentials and their first two eigenstates) are expressed in terms of a function W + (r) (and its accompanying function W − (r)). From the results obtained for W ± (r) for the first two members of the families, we have proposed some general formulas for W ± (r), which have enabled us to solve the problem in full generality.
Applying the methods developed here to other types of radial potential, such as the Kepler-Coulomb one, and/or other types of deformation function f (r) would be interesting topics for future investigation.
